Abstract. This paper addresses the equivalence between the absence of arbitrage and the existence of equivalent martingale measures. The equivalence will be established under quite weak assumptions since there are no conditions on the set of trading dates (it may be finite or countable, with bounded or unbounded horizon, etc.) or on the trajectories of the price process (for instance, they do not have to be right-continuous).
Introduction
The existence of pricing rules, discount factors or state prices is crucial in the literature on capital markets. It is closely related to the concepts of arbitrage and equilibrium (see, for instance, Chamberlain and Roth-schild [8, (1983) ] or Hansen and Jagannathan [15, (1997) [16, (1979) ] showed the link between pricing rules and martingale measures.
]). Harrison and Kreps
Since Harrison and Kreps [16, (1979) ] established the existence of martingale probability measures for some arbitrage free pricing models their result has been extended in multiple directions, generating the Fundamental Theorem of Asset Pricing (henceforth FTAP). For instance, Dalang et al. [11, (1990) ], Schachermayer [22, (1992) ] and [23, (1994) ], Delbaen and Schachermayer [13, (1998) ] or Jacod and Shiryaev [17, (1998) ] provide deep characterizations of the existence of martingale measures in different settings.
Nevertheless a simple version of the FTAP cannot be proved, in the sense that the arbitrage absence is not sufficient to build martingale measures if the set of trading dates is not finite. It was pointed out in Back and Pliska [2, (1991) ], where a simple counter-example is provided. To overcome this problem Clark [10, (1993) ] introduced the concept of "free lunch", far weaker than the concept of arbitrage. The absence of free lunch has been the key to yield further extensions of the FTAP, even in the imperfect market case (see for instance Jouini and Kallal [18, (1995) 
]).
Any free lunch can be understood as an "approximated arbitrage" in the sense that it is "quite close" to an arbitrage portfolio. However, it is almost an arbitrage but it is not an arbitrage, it is not so intuitive and its economic interpretation is not so clear. On the contrary it is introduced in mathematical terms and solves a mathematical problem, but classical pricing models (binomial model, Black and Scholes model, etc.) usually deal with the concept of arbitrage.
Besides, if possible, it may be worth to provide risk-neutral probabilities and pricing rules (martingale measures) under simple and meaningful assumptions, as the arbitrage absence. This is in the line of many others Representation Theorems of Mathematical Finance. For instance, the representation of coherent risk measures (Artzner et al. [1, (1999) ]) or pricing rules in one period imperfect markets (Chateauneuf et al. [9, (1996) ], De Waegenaere et al. [12, (2003) ], Castagnoli et al. [7, (2004) ] etc.) is addressed by using intuitive hypotheses.
Balbás et al. [5, (2002) ] have shown that it is possible to characterize the arbitrage absence if the set of trading dates is N, the set of natural numbers. They built an appropriate countable projective system (ν n ) n∈N of perfect probability measures (see Musial [21, (1980) ]) that are risk-neutral for each finite subset {0, 1, . . . , n} ⊂ N. Then they showed that the projective limit ν is risk-neutral for the whole set of trading dates (N), in the sense that the set of states of the world and the price process may be extended to a "new price process" which is a martingale under ν. The initial probability measure µ and ν cannot be equivalent, as illustrated by using the counter example of Back and Pliska. However, for any finite subset of N, the projections of µ and ν are equivalent, and there are Radon-Nikodyn derivatives in both directions. Balbás et al. used this property to introduce the concept of "projective equivalence" of probability measures.
The interest of the approach above seems to be clear, since it even permits us to extend the classical FTAP for infinitely many trading dates without using the projective equivalence, i.e., in the classical setting. For instance, Balbás et al. [3, (2007) ] have used the analysis of Balbás et al. [5, (2002) ] so as to extend the FTAP in a model with dynamically bounded Sharpe ratios. Unbounded Sharpe ratios would lead to very high returns with bounded risk level, which is barely acceptable in Financial Economics. The findings of Balbás et al. [3, (2007) ] have some relationships with those of Föllmer and Schachermayer [14, (2008) ], where the authors show that the absence of martingale measures in the long run provokes the existence of asymptotic arbitrage that is related to the market price of risk.
This paper follows the approach of Balbás et al. [5, (2002) ] and extends the analysis bearing in mind a much wider scope. Even usual constraints, also imposed in the literature when dealing with free lunches, are no assumed here. For instance, there are no conditions on the set of trading dates (it may be finite or countable, with bounded or unbounded horizon, etc.) or on the trajectories of the price process (for example, they do not have to be right-continuous).
The existence of risk-neutral probabilities will be stated by means of projective limits of projective systems of Radon probability measures (see Schwartz [24, (1973) ]), rather than projective systems of perfect measures. These projective systems will permit us to broaden the set of states of nature and to generalize the concept of projective equivalence.
The outline of the article is as follows. Section 2 will introduce the basic concepts and notations. Section 3 will summarize some mathematical background that will be often applied. Section 4 will transform the problem in order to introduce the "projective price process". Section 5 will be devoted to provide martingale measures when the set of trading dates is countable. The most important result is Theorem 5 and generalizes those findings of Balbás et al. [5, (2002) ], since the set T of trading dates does not have to be similar to N. For example, T can equal the set of non-negative rational numbers or, more generally, T can have adherent points, and every adherent point may belong to T or to its complementary. It seems to be a significant extension since, for instance, CadLag price processes are characterized for their values at rational dates. Section 6 will conclude the article.
Preliminaries and notations
Let (Ω, F , µ) be a probability space composed of the set Ω, the σ-algebra F and the probability measure µ. Suppose that T ⊂ [0, ∞) is a set (finite or infinite, with finite or infinite horizon) of trading dates such that 0 ∈ T (0 denoting the current date) and T contains at least two elements. As usual, the arrival of information will be provided by the increasing family [F t ] t∈T of σ-algebras of Ω such that F 0 = {∅, Ω} and σ( t∈T F t ) = F , σ( t∈T F t ) being the σ-algebra generated by the algebra t∈T F t . The restriction of µ to F t will be denoted by µ t for every t ∈ T .
Consider n different securities whose prices will be represented by the R n -valued adapted stochastic process
where S j (ω, t) ∈ R for ω ∈ Ω, t ∈ T and j = 1, 2, . . ., n, and represents the price of the j-th asset at t under the state ω. In order to simplify the notation the previous processes may be also denoted by S and S j , j = 1, 2, . . ., n. Analogous notations and conventions will be used for any other R-valued or R n -valued adapted stochastic process.
As usual, the first asset will play the role of a numeraire, and therefore we will impose that
holds for every ω ∈ Ω and t ∈ T . For a fixed ω ∈ Ω the corresponding path or trajectory of S will be denoted by S(ω, −), while for any fixed trading date t ∈ T the symbol S(−, t) yields the random variable providing us with prices at t. Similar notations will be used in similar situations.
Consider arbitrary an finite subsets {t 0 = 0 < t 1 < · · · < t k } ⊂ T . For such a subset consider any stochastic process
Then, x is said to be a self-financing portfolio if
µ-a.s. and i = 1, 2, . . ., k. 1 The set of self-financing portfolios will be denoted by A. Let x ∈ A. It may be easily proved that the above set of trading dates may be extended by adding a finite number of elements of T and the convention x(−, t i ) − x(−, t i−1 ) = 0 if t i is a new element that does not belong to the initial finite set of trading dates. Therefore it is easy to show that
will be its current price, while the F t k -measurable random variable
will be its final pay-off and will be denoted by Λ(x), or Λ(x)(ω) if necessary. As usual, an arbitrage portfolio allows traders to obtain "money without risk".
Definition 1 A self-financing portfolio x ∈ A is said to be an arbitrage if
Hereafter we will assume essentially bounded prices, i.e.,
. ., n and t ∈ T . Thus for every t ∈ T there exists a µ-null set Z t ∈ F t such that the inequality
holds for every ω ∈ Ω \ Z t . Given t, s ∈ T , t ≤ s, it makes sense to introduce the conditional expectation of S(−, s) with respect to F t and will be denoted by E µ (S(−, s)|F t ). Similar notations will be used for similar cases.
Definition 2
Given a finite set {0 < t 1 < · · · < t k } ⊂ T and a probability measure ν :
ν is said to be a martingale measure on {t 0 = 0 < t 1 < · · · < t k } if µ t k and ν are equivalent and
whenever i, j = 0, 1, . . ., k and i ≥ j.
The absence of arbitrage and the FTAP guarantee the existence of martingale measures on any finite set of trading dates (see for instance Dalang et al. [11, (1990) ], Schachermayer [22, (1992) ] or Jacod and Shiryaev [17, (1998) 
]).

Theorem 1 The model is arbitrage free if and only if there exists a martingale measure on every finite set
Despite the previous result, the counter-example of Back and Pliska [2, (1991) ] points out that the martingale measure depends on {0 < t 1 < · · · < t k }, i.e., in general, it is not possible to find ν : F → [0, 1] equivalent to µ and such that (4) holds for every t i , t j ∈ T with t i ≥ t j .
Some mathematical background
It is worth to recall some properties concerning Radon measures and projective systems of topological spaces and measures. Further details may be found in Kelley [19, (1955) ], Bourbaki [6, (1969) ], Schwartz [24, (1973) ] or Musial [21, (1980) ].
If X is a Hausdorff topological space and B represents its Borel σ-algebra then a finite and positive measure ν on B is said to be a Radon measure if
for every B ∈ B. It is easy to show that (5) implies If X is compact then the set R of positive and finite Radon measures on B may be identified with the set of R-valued, linear, continuous and positive functionals on C(X) (C(X) being the Banach space of R-valued and continuous functions on X), and the Alaoglu's Theorem trivially leads to the weak * -compactness of
The Hausdorff topological space X is said to be a Radon space if every finite and positive measure on B is a Radon measure. Every Polish space (metric, complete and separable) is a Radon space. In particular, R C is a Radon space for every countable set C, R C being the space of R-valued functions on C endowed with the simple (or product) topology.
For any (F , B)-measurable function f : Ω → X, the measure µ induces a measure on B, called the image measure
2 Obviously f (µ) is Radon if so is the space X.
If X and Y are two compact and Hausdorff spaces and f : X → Y is a continuous function then f induces the new function R X ∋ ν → f (ν) ∈ R Y , R X and R Y being the sets of finite and positive Radon measures on X and Y respectively. It is easy to show that this transformation is continuous if R X and R Y are endowed with their respective weak * -topologies. Let ≤ be the ordering relation of a directed set I. Consider a family of Hausdorff topological spaces (X i ) i∈I and the continuous maps π ij : X j → X i , i, j ∈ I, i ≤ j. We say that ((X i , π ij ); i, j ∈ I, i ≤ j) is a projective system of topological spaces if π ik = π ij • π jk for all i, j, k ∈ I, i ≤ j ≤ k. Its projective limit is
endowed with the product topology. Clearly, the canonical projections π i : X → X i , i ∈ I, are continuous and satisfy π i = π ij • π j for all i, j ∈ I, i ≤ j. X may be endowed with its Borel σ-algebra B and the cylindrical σ-algebra B 0 ⊂ B generated by
Note that π i is B 0 -measurable for every i ∈ I.
Under the notations above, if ν i is a Radon measure on X i for every i ∈ I and π ij (ν j ) = ν i if i, j ∈ I, i ≤ j, then (ν i ) i∈I is said to be a projective system of Radon measures. We will say that (ν i ) i∈I converges to the measure ν : B 0 → R (or ν is the projective limit of (ν i ) i∈I ) if π i (ν) = ν i for every i ∈ I.
The following results on the existence of projective limits of projective systems of Radon measures are adapted from Bourbaki [6, (1969) ] and Schwartz [24, (1973) ] respectively. Theorem 2 Under the notations above, if I = N then every projective system of Radon measures (ν i ) i∈N has a projective limit ν. Moreover, ν is unique and can be extended to a unique Radon measure defined over the Borel σ-algebra B.
Theorem 3 (Prokhorov) Under the notations above there exists a Radon measure ν : B → R such that π i (ν) = ν i for every i ∈ I if and only if for every ε > 0 there exists a compact set K ⊂ X with ν i (X i \ π i (K)) < ε for every i ∈ I. In the affirmative case ν is unique.
Corollary 1 Under the notations above if
Sp(ν i ) ⊂ X i is compact for every i ∈ I then there exists a unique Radon measure ν : B → R such that π i (ν) = ν i for every i ∈ I. Furthermore ν has a compact support and Sp(ν) ⊂ i∈I Sp(ν i ).
There is a special type of projective system of Radon measures closely related to stochastic processes. So, consider I = P F (T ) the set of finite subsets of T containing {0} and consider the order of I generated by the usual inclusion. For every V ∈ P F (T ) we will take the (Polish and therefore Radon) topological space (R n ) V of R n -valued functions defined on V . Of course, (R n ) V is endowed with the product topology.
V is the standard projection. It is trivial to prove that we are facing a projective system
of topological spaces whose projective limit can be identified with the space (R n ) T endowed the simple topology. Furthermore
V is also the standard projection for every V ∈ P F (T ). As in the general case, the projective limit (R n ) T may be endowed with its Borel or cylindrical σ-algebras, denoted by (B)
T and (B 0 ) T respectively. When endowed with (B 0 ) T (the lower one) a function
V is measurable for every V ∈ P F (T ) (Footnote 2 also applies here).
Suppose that (ν V ) V ∈PF (T ) is a projective system of Radon measures associated with the above projective system of topological spaces. The following result may be established by readapting some statements of Kopp [20, (1984) ].
Theorem 4 (Daniell-Kolmogorov) Under the notations above the system of Radon measures
has a unique projective limit ν T : (B 0 ) T → R.
Projective system approach
As in the previous section, consider I = P F (T ). Let V ∈ P F (T ) and let S V be function connecting any state of nature ω ∈ Ω and the restriction on V of the corresponding trajectory of the price process S, i.e., the function
such that S V (ω)(t) = S(ω, t) for ω ∈ Ω and t ∈ V . If v is the maximum of V , then S V is F v -measurable and therefore S V (µ v ) is a Radon probability measure on (R n ) V . In order to simplify the notation the previous probability measure will be represented by S V (µ) and v will be omitted. Now it is straightforward to prove that
is a projective system of Radon probability measures associated with (6) . Notice that the support of S V (µ) is compact for every V ∈ P F (T ) since it is included in (see (3))
where for every t ∈ T we have that K t represents the compact ball of R n with center at zero and radius equal to S(−, t) ∞ .
Consider now the function
T S(ω, −) being the whole path associated with ω. It is easy to show that the previous function is Fmeasurable if (R n ) T is endowed with the cylindrical σ-algebra (B 0 ) T since, according to the properties of Section 3, it is equivalent to show that π V •S T = S V is F -measurable for every V ∈ P F (T ). Consequently it makes sense to consider its image measure S T (µ) defined on (B 0 )
T and it is straightforward to show that the probability measure S T (µ) is the projective limit of (7), i.e.,
for every V ∈ P F (T ). Moreover Corollary 1 and (8) prove that S T (µ), projective limit of (S V (µ)) V ∈PF (T ) , may be extended to a unique Radon measure defined on (B) T . If there is no confusion then both S T (µ) and its extension will be denoted with the same symbol. Besides (8) leads to
Next let us introduce the projective price process. So, for every ̟ ∈ (R n ) T and every t ∈ T we can define S * (̟, t) = ̟(t).
One can consider the filtration
t∈T is increasing and all of them are included in the cylindrical σ-algebra (B 0 )
T because the random variable S * (−, t) is clearly (B 0 ) T -measurable for every t ∈ T .
Our major objective is to establish the existence of a probability measure ν : (B 0 ) T → [0, 1] so that the projective price process S * can be a martingale with respect to ν, solving this way the drawback pointed out after Theorem 1. Besides ν and S T (µ) should satisfy "some kind of equivalence", since the existence of Radon-Nikodyn densities seems to be desirable. We will show that the complete equivalence between both probability measures does not necessarily hold in general but we can introduce a weaker concept. Thus following the approach of Balbás et al. [5, (2002) Obviously, if ν and ξ are equivalent then they are projectively equivalent too. It will be shown that the converse does not hold in general (see also Balbás et al. [5, (2002) 
]).
In order to establish the existence of projectively equivalent martingale measures it is convenient to translate the arbitrage absence in terms of the projective price process S * . So we present a result whose proof is very simple and therefore omitted.
Proposition 1 If the initial price process S is arbitrage free then the projective price process S
* is arbitrage free.
The projective price process has been built without imposing special assumptions on the set of trading dates T . In particular, T might be finite. Consequently, the procedure also applies when considering any V ∈ P F (T ) instead of T . In such a case, if t ∈ V then F V * t denotes the smallest σ-algebra of (R n ) V allowing the natural sections (the projective price process)
t∈V is a increasing filtration. Next we will translate Theorem 3 into the projective system setting. Once again we omit the proof.
Proposition 2 Let V = {t 0 = 0 < t 1 < · · · < t k } ∈ P F (T ) and let ν be a martingale measure in the sense of Definition 2. Then ν * V = S V (ν) and S V (µ) are equivalent and
As a consequence of the latter proposition if we were able to build a projective system by "correctly connecting ν * V as V grows" then the projective limit, whose existence is guaranteed by Corollary 1, could be an adequate candidate to be our "risk-neutral martingale measure". The construction of this projective system will be the major goal of Section 5.
Countable sets of trading dates
Throughout this section we will assume that T is countable. Thus there exists a bijection Φ : N ↔ T such that Φ(0) = 0. Denote t m = Φ(m) for every m ∈ N. Then the equality
where T m denotes the finite set {0, t 1 , . . . , t m }. Hence the following result has been stated:
Lemma 1
There exists an increasing sequence (T m ) m∈N of finite subsets of T such that
and 0 ∈ T m for every m ∈ N. Furthermore, (R n ) T can be identified with the projective limit of the projective system of topological spaces
where π r,s denotes the standard projection of (R n )
The sequence of (12) and the system (13) will be fixed throughout this section. To simplify the notation (R n ) Tr will be represented by (R n ) r for every r ∈ N. Suppose that the initial model is arbitrage free and fix r ∈ N. Proposition 2 ensures the existence of Radon probability measures ν * r on any (R n ) r equivalent to π V (S T (µ)) and with support included in t∈Tr K t , such that the restriction to (R n ) r of the projective price process is a martingale with respect to the filtration (F r * t ) t∈Tr . 3 Consider the set M rr of Radon probability measures satisfying these properties. Now if s ≥ r consider M rs = π rs (M ss ) = { π rs (ν * s ) : ν * s ∈ M ss } and it is easily proved that
The sets M rr and M r are non void and weak * -compact for every r ∈ N.
PROOF. Proposition 2 guarantees that M ss is non void for every s ≥ r. Moreover, every probability measure of M ss has a compact support included in t∈Ts K t so they can be considered Radon measures on this compact space. It is easy to see that M ss is weak * -closed. Then the results of Section 3 show that M ss is weak * -compact and the weak * -continuity of M ss ∋ ν * s → π rs (ν * s ) ∈ M rr (see Section 3) shows that every M rs is weak * -compact. Thus it is sufficient to show that every finite subset of { M rs : s ≥ r } has non void intersection. But given any finite subset { M rs : s = s 1 > s 2 > · · · > s k ≥ r } one can take s 0 ≥ s 1 and we have that ∅ = π rs0 (M s0s0 ) = π rsj π sj s0 (M s0s0 ) ⊂ π rsj (M sj sj ) for j = 1, 2, . . ., k. PROOF. Consider H composed of those elements (ν * r ) r∈P : P ⊂ N, ν * r ∈ M r and π rs (ν * s ) = ν * r if r, s ∈ P and r ≤ s .
Theorem 5 Suppose that T is countable. If the initial model is arbitrage-free then there exists a Radon probability measure
The latter lemma proves that H is non void. Consider the natural order of H, i.e., a new element of H is greater than the element above if P increases to P ′ and the previous measures ν * r remain constant for r ∈ P . It is easy to see that H is inductive, so the Zorn's Lemma ensures the existence of a maximal element. Suppose that (14) is this maximal. If P is cofinal with N then it is easy to see that (14) is a projective system of Radon measures whose associated projective system of topological spaces has a projective limit that can be identified with (R n ) T . Moreover, Theorem 2 ensures the existence of ν * , projective limit of (ν * r ) r∈P , and it is easy to prove that ν * satisfies the required conditions. In particular, Sp(ν * ) ⊂ t∈T K t trivially follows from (10) and the projective equivalence between ν * and S T (µ).
Suppose that P is not cofinal. Then there exists its maximum value r ∈ P . Since ν * r ∈ M rs for ever
Set
for every s > r. Expression (15) shows that ν * r = π r,r+1 (ν * r+1,s ) for every s ≥ r. If we were able to prove the existence of ν * r+1 , agglomeration point of (ν * r+1,s ) ∞ s=r+1 , we would have that
Furthermore, being ν * r+1 agglomeration point of (ν * r+1,s ) ∞ s=r+1 and taking into account that (16) leads to
for every s ≥ r + 1, one has that ν * r+1 ∈ M r+1 = ∞ s=r+1 M r+1,s from where (17) generates a contradiction since (14) is not maximal. Thus P must be cofinal.
It only remains to prove the existence of the agglomeration point ν * r+1 but this is an obvious consequence of (18) and the weak * -compactness of M r+1,r+1 .
It is worth to remark that minor modifications of the proof above can allow us to use a simple induction method rather than the Zorn's Lemma. Therefore, a more constructive proof of Theorem 5 may be available.
Notice that there are countable sets that are dense in the real line, which (under special assumptions such as continuous paths) might lead to new proofs of Theorem 5 that do not require the Zorn's Lemma, but strictly weaker axioms.
As said in the introduction this result extends those findings of Balbás et al. [5, (2002) ], since there are no additional conditions on the countable set T . Nevertheless there are many relationships between both analyses. So, in both cases the projective system approach has enlarged the set of states of the world so that the new set of states can contain the whole family of feasible paths of the price process (notice that the new set of states of nature is (R n ) T in the present case). As pointed out in Balbás et al. [5, (2002) ], this fact implies that ν * and S T (µ) cannot be equivalent since ν * must vanish over the set of new states that can not be identified with any ω ∈ Ω. Consequently we have that the concept of projective equivalence is strictly weaker than the concept of equivalence (see Balbás et al. [5, (2002) ] for further details).
Conclusions
Representation Theorems have shown to be crucial in Mathematical Finance. Regarding pricing rules of perfect markets, for an infinite number of trading dates the characterization of the absence of arbitrage by the existence of equivalent martingale measures presents some difficulties, and the price process of the assets needs less intuitive notions such as "no free lunch" or "no free lunch with bounded risk", generalizing the concept of "no arbitrage". Moreover some constraints on the trajectories of the price process are usually required.
This paper considers a countable set of trading dates and draws on the projective system approach. Then we establish the equivalence between the absence of arbitrage and the existence of martingale measures. The equivalence holds under quite general assumptions since there are no conditions on the set of trading dates or on the trajectories of the price process.
The projective system approach allows us to enlarge the set of states of nature and to identify this set and the set of feasible trajectories. Thus a complete equivalence between the initial probability measure and the martingale measure does not hold in general. However the existence of densities between the "real" probabilities and the "risk-neutral" probabilities is guaranteed by introducing the concept of "projective equivalence", in the sense that both the martingale measure and the initial probability measure generate equivalent projections.
